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We define a notion of degree for a class of perturbations of nonlinear Fredholm maps
of index zero between infinite-dimensional real Banach spaces. Our notion extends the
degree introduced by Nussbaum for locally a-contractive perturbations of the identity,
as well as the recent degree for locally compact perturbations of Fredholm maps of index
zero defined by the first and third authors.

1. Introduction

In this paper, we define a concept of degree for a special class of perturbations of
(nonlinear) Fredholm maps of index zero between (infinite-dimensional real) Banach
spaces, called a-Fredholm maps. The definition is based on the following two numbers
(see, e.g., [10]) associated with amap f : Q — F from an open subset of a Banach space E
into a Banach space F:

alf) = sup{a(af(f:;)) :A € Q bounded, a(A) > 0},

(1.1)

w(f) = inf { "‘(af(fg)) : A € Q bounded, a(A) > o},

where « is the Kuratowski measure of noncompactness (in [10] w( f) is denoted by 5(f),
however, since w is the last letter of the Greek alphabet, we prefer the notation w( f) as in
(8]).

Roughly speaking, the a-Fredholm maps are of the type f = g — k, where g is Fred-
holm of index zero and k satisfies, locally, the inequality

a(k) <w(g). (1.2)

These maps include locally compact perturbations of Fredholm maps (called quasi-
Fredholm maps, for short) since, when g is Fredholm and k is locally compact, one has
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a(k) = 0 and w(g) > 0, locally. Moreover, they also contain the a-contractive perturba-
tions of the identity (called a-contractive vector fields), where, following Darbo [5], a map
k is a-contractive if a(k) < 1.

The degree obtained in this paper is a generalization of the degree for quasi-Fredholm
maps defined for the first time in [14] by means of the Elworthy-Tromba theory. The
latter degree has been recently redefined in [3] avoiding the use of the Elworthy-Tromba
construction and using as a main tool a natural concept of orientation for nonlinear
Fredholm maps introduced in [1, 2]. Our construction is based on this new definition.

The paper ends by showing that for a-contractive vector fields, our degree coincides
with the degree defined by Nussbaum in [12, 13].

2. Orientability for Fredholm maps

In this section, we give a summary of the notion of orientability for nonlinear Fredholm
maps of index zero between Banach spaces introduced in [1, 2].

The starting point is a preliminary definition of a concept of orientation for linear
Fredholm operators of index zero between real vector spaces (at this level no topological
structure is needed).

Recall that, given two real vector spaces E and F, a linear operator L: E — F is said to
be (algebraic) Fredholm if the spaces Ker L and coKerL = F/ImL are finite-dimensional.
The index of L is the integer

indL = dimKerL — dimcoKer L. (2.1)

Given a Fredholm operator of index zero L, a linear operator A: E — F is called a
corrector of L if
(i) Im A has finite dimension,
(ii) L+ A is an isomorphism.
We denote by €(L) the nonempty set of correctors of L and we define in €(L) the follow-
ing equivalence relation. Given A, B € €(L), consider the automorphism

T=(L+B)"'(L+A)=I1-(L+B) Y{(B-A) (2.2)

of E. Clearly, the image of K = (L+ B)~!(B — A) is finite dimensional. Hence, given any
finite-dimensional subspace E; of E containing the image of K, the restriction of T to
E, is an automorphism of Ey. Therefore, its determinant is well defined and nonzero. It
is easy to check that this value does not depend on Ej (see [1]). Thus, the determinant
of T, detT in symbols, is well defined as the determinant of the restriction of T to any
finite-dimensional subspace of E containing the image of K.

We say that A is equivalent to B or, more precisely, A is L-equivalent to B, if

det (L+B)"'(L+A)) >0. (2.3)

In [1], it is shown that this is actually an equivalence relation on (L) with two equiva-
lence classes. This equivalence relation provides a concept of orientation of a linear Fred-
holm operator of index zero.



Pierluigi Benevieri etal. 187

Definition 2.1. Let L be a linear Fredholm operator of index zero between two real vector
spaces. An orientation of L is the choice of one of the two equivalence classes of ‘€(L), and
L is oriented when an orientation is chosen.

Given an oriented operator L, the elements of its orientation are called the positive
correctors of L.

Definition 2.2. An oriented isomorphism L is said to be naturally oriented if the trivial
operator is a positive corrector, and this orientation is called the natural orientation of L.

We now consider the notion of orientation in the framework of Banach spaces. From
now on, and throughout the paper, E and F denote two real Banach spaces, L(E, F) is the
Banach space of bounded linear operators from E into F, and ®y(E, F) is the open subset
of L(E,F) of the Fredholm operators of index zero. Given L € ®((E,F), the symbol €(L)
now denotes, with an abuse of notation, the set of bounded correctors of L, which is still
nonempty.

Of course, the definition of orientation of L € ®y(E, F) can be given as the choice of
one of the two equivalence classes of bounded correctors of L, according to the equiva-
lence relation previously defined.

In the context of Banach spaces, an orientation of a linear Fredholm operator of in-
dex zero induces, by a sort of stability, an orientation to any sufficiently close operator.
Precisely, consider L € @ (E,F) and a corrector A of L. Since the set of the isomorphisms
from E into F is open in L(E,F), A is a corrector of every T in a suitable neighborhood W
of L. If, in addition, L is oriented and A is a positive corrector of L, then any T in W can
be oriented by taking A as a positive corrector. This fact leads us to the following notion
of orientation for a continuous map with values in @ (E, F).

Definition 2.3. Let X be a topological space and let h: X — @ (E,F) be continuous. An
orientation of 4 is a continuous choice of an orientation a(x) of h(x) for each x € X,
where “continuous” means that for any x € X, there exists A € a(x) which is a positive
corrector of h(x") for any x” in a neighborhood of x. A map is orientable when it admits
an orientation and oriented when an orientation is chosen.

Remark 2.4. Ttis possible to prove (see [2, Proposition 3.4]) that two equivalent correctors

A and B of a given L € ®y(E,F) remain T-equivalent for any T in a neighborhood of L.

This implies that the notion of “continuous choice of an orientation” in Definition 2.3 is
equivalent to the following one:

(i) for any x € X and any A € a(x), there exists a neighborhood W of x such that
A€ a(x')forallx’ e W.

As a straightforward consequence of Definition 2.3, if h: X — ®((E, F) is orientable
and g:Y — X is any continuous map, then the composition hg is orientable as well.
In particular, if & is oriented, then hg inherits in a natural way an orientation from the
orientation of h. Thus, if

H:X x[0,1] — ®y(E,F) (2.4)
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is an oriented homotopy and ¢ € [0,1] is given, the partial map H; = Hi;, where i;(x) =
(x,1), inherits an orientation from H.

The following proposition shows an important property of the notions of orientation
and orientability for maps into ®((E,F). Such a property may be regarded as a sort of
continuous transport of the orientation along a homotopy (see [2, Theorem 3.14]).

ProrosITION 2.5. Let X be a topological space and consider a homotopy
H:Xx[0,1] — ®y(E,F). (2.5)

Assume that for some t € [0,1] the partial map Hy = H(-,t) is oriented. Then there exists
and is unique an orientation of H such that the orientation of Hy is inherited from that of H.

Definition 2.3 and Remark 2.4 allow us to define a notion of orientability for Fredholm
maps of index zero between Banach spaces. Recall that, given an open subset Q of E,
a map g: Q — F is Fredholm if it is C' and its Fréchet derivative, g’'(x), is a Fredholm
operator for all x € Q). The index of g at x is the index of g’ (x) and g is said to be of index
n if it is of index n at any point of its domain.

Definition 2.6. An orientation of a Fredholm map of index zero g : O — F is an orientation
of the derivative g’ : QO — ®((E, F), and g is orientable, or oriented, if so is g’ according to
Definition 2.3.

The notion of orientability of Fredholm maps of index zero is mainly discussed in
[1, 2], where the reader can find examples of orientable and nonorientable maps and
a comparison with an earlier notion given by Fitzpatrick et al. in [9]. Here we recall a
property (Theorem 2.8 below) that is the analogue for Fredholm maps of the continuous
transport of an orientation along a homotopy stated in Proposition 2.5. We need first the
following definition.

Definition 2.7. Let Q be an open subset of E and G: Q x [0,1] — F a C! homotopy. As-
sume that any partial map G; is Fredholm of index zero. An orientation of G is an orien-
tation of the partial derivative

9G:Qx[0,1] — D(EF),  (x,0)— (G) (x), (2.6)
and G is orientable, or oriented, if so is 9, G according to Definition 2.3.

From the above definition it follows immediately that if G is oriented, any partial map
G; inherits an orientation from G.
Theorem 2.8 is a straightforward consequence of Proposition 2.5.

Tueorem 2.8. Let G: QX [0,1] — F be a C' homotopy and assume that any G; is a Fred-
holm map of index zero. If a given G is orientable, then G is orientable. If, in addition, G, is
oriented, then there exists and is unique an orientation of G such that the orientation of Gy
is inherited from that of G.

We conclude this section by showing how the orientation of a Fredholm map g is
related to the orientations of domain and codomain of suitable restrictions of g. This
argument will be crucial in the definition of the degree for quasi-Fredholm maps.
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Let g : QO — F be an oriented map and Z a finite-dimensional subspace of F transverse
to g. By classical transversality results, M = g~!(Z) is a differentiable manifold of the same
dimension as Z. In addition, M is orientable (see [1, Remark 2.5 and Lemma 3.1]). Here
we show how the orientation of g and a chosen orientation of Z induce an orientation on
any tangent space TxM.

Let Z be oriented. Choose any x € M and let A be any positive corrector of g'(x) with
image contained in Z (the existence of such a corrector is ensured by the transversality of
Z to g). Then, orient the tangent space T,/ M in such a way that the isomorphism

(g @) +A) rm:TeM — Z (2.7)

is orientation preserving. As proved in [3], the orientation of T, M does not depend on
the choice of the positive corrector A, but just on the orientation of Z and g’ (x). With
this orientation, we call M the oriented Fredholm g-preimage of Z.

3. Orientability and degree for quasi-Fredholm maps

In this section, we summarize the main ideas in the construction of a topological degree
for quasi-Fredholm maps (see [3] for details). We start by recalling the construction of
an orientation for this class of maps.

As before, E and F are real Banach spaces, and Q is an open subset of E. A map k :
Q — F is called locally compact if for any xy € Q, the restriction of k to a convenient
neighborhood of x is a compact map (i.e., a map whose image is contained in a compact
subset of F).

Definition 3.1. A map f :Q — F is said to be quasi-Fredholm provided that f = g -k,
where g is Fredholm of index zero and k is locally compact. The map g is called a srmooth-

ing map of f.

The following definition provides an extension to quasi-Fredholm maps of the concept
of orientability.

Definition 3.2. A quasi-Fredholm map f : Q — F is orientable if it has an orientable
smoothing map.

If f is an orientable quasi-Fredholm map, any smoothing map of f is orientable. In-
deed, given two smoothing maps g° and g! of f, consider the homotopy

G(x,t) = (1— t)go(x) +tg1(x), (x,t) € QA x[0,1]. (3.1)

Notice that any G; is Fredholm of index zero, since it differs from g° by a C' locally
compact map. By Theorem 2.8, if g¥ is orientable, then g! is orientable as well.

Let f: Q) — F be an orientable quasi-Fredholm map. To define a notion of orientation
of f, consider the set #(f) of the oriented smoothing maps of f. We introduce in $(f)
the following equivalence relation. Given g°, g! in ¥(f), consider, as in formula (3.1),
the straight-line homotopy G joining g° and g!. We say that g° is equivalent to g! if their
orientations are inherited from the same orientation of G, whose existence is ensured by
Theorem 2.8. It is immediate to verify that this is an equivalence relation.
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Definition 3.3. Let f : Q — F be an orientable quasi-Fredholm map. An orientation of f
is the choice of an equivalence class in F(f).

In the sequel, if f is an oriented quasi-Fredholm map, the elements of the chosen class
of F(f) will be called positively oriented smoothing maps of f.

As for the case of Fredholm maps of index zero, the orientation of quasi-Fredholm
maps verifies a homotopy invariance property, stated in Theorem 3.6 below. We need
first some definitions.

Definition 3.4. A map H:Q x[0,1] — F of the type
H(x,t) = G(x,t) — K(x,1) (3.2)

is called a homotopy of quasi-Fredholm maps provided that G is C', any G; is Fredholm
of index zero, and K is locally compact. In this case G is said to be a smoothing homotopy
of H.

We need a concept of orientability for homotopies of quasi-Fredholm maps. The def-
inition is analogous to that given for quasi-Fredholm maps. Let H : ) X [0,1] — F be a
homotopy of quasi-Fredholm maps. Let #(H) be the set of oriented smoothing homo-
topies of H. Assume that ¥ (H) is nonempty and define on this set an equivalence relation
as follows. Given G° and G' in ¥(H), consider the map

4:Q0x[0,1] x[0,1] — F (3.3)
defined as
G(x,t,5) = (1 —5)G (x, 1) + sG' (x, 1). (3.4)

We say that G° is equivalent to G' if their orientations are inherited from an orientation
of the map

(x,t,5) — 019(x,1,5). (3.5)

The reader can easily verify that this is actually an equivalence relation on ¥(H).

Definition 3.5. A homotopy of quasi-Fredholm maps H : Q X [0,1] — F is said to be ori-
entable if ¥(H) is nonempty. An orientation of H is the choice of an equivalence class of
S (H).

The following homotopy invariance property of the orientation of quasi-Fredholm
maps is the analogue of Theorem 2.8 and a straightforward consequence of Proposition
2.5.

THEOREM 3.6. Let H: Q % [0,1] — F be a homotopy of quasi-Fredholm maps. If a par-
tial map H, is oriented, then there exists and is unique an orientation of H such that the
orientation of Hy is inherited from that of H.

We now summarize the construction of the degree.
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Definition 3.7. Let f : QO — F be an oriented quasi-Fredholm map and U an open subset
of Q. The triple (f,U,0) is said to be qF-admissible provided that f~!(0) N U is compact.

The degree is defined as a map from the set of all qF-admissible triples into Z. The
construction is divided in two steps. In the first one we consider triples ( f, U,0) such that
f has a smoothing map g with (f — ¢)(U) contained in a finite-dimensional subspace of
F. In the second step this assumption is removed, the degree being defined for general
qF-admissible triples.

Step 1. Let (f,U,0) be a qF-admissible triple and let g be a positively oriented smoothing
map of f such that (f — g)(U) is contained in a finite-dimensional subspace of F. As
f71(0) N U is compact, there exist a finite-dimensional subspace Z of F and an open
subset W of U containing f~!(0) N U and such that g is transverse to Z in W. We may
assume that Z contains (f — ¢)(U). Choose any orientation of Z and, as in Section 2,
let the manifold M = g~}(Z) N W be the oriented Fredholm g |y -preimage of Z. One can
easily verify that (f|»)~1(0) = f~1(0) N U. Thus (f ) *(0) is compact, and the Brouwer
degree of the triple (fy,M,0) is well defined.

Definition 3.8. Let (f,U,0) be a qF-admissible triple and let g be a positively oriented
smoothing map of f such that (f —g)(U) is contained in a finite-dimensional subspace
of F. Let Z be a finite-dimensional subspace of F and W < U an open neighborhood of
f71(0) N U such that

(1) Z contains (f —g)(U),

(2) g is transverse to Z in W.
Assume Z oriented and let M be the oriented Fredholm g|w-preimage of Z. Then, the
degree of (f,U,0) is defined as

deg . (f,U,0) = deg(f|m,M,0), (3.6)

where the right-hand side of the above formula is the Brouwer degree of the triple
(f|M)M> O)

In [3], it is proved that the above definition is well posed, in the sense that the right-
hand side of (3.6) is independent of the choice of the smoothing map g, the open set W,
and the oriented subspace Z.

Step 2. We now extend the definition of degree to general qF-admissible triples.

Definition 3.9 (general definition of degree). Let (f,U,0) be a qF-admissible triple. Con-
sider
(1) a positively oriented smoothing map g of f;
(2) an open neighborhood V of f~1(0) n U such that V < U, g is proper on V, and
(f — g)ly is compact;
(3) a continuous map ¢ : V — F having bounded finite-dimensional image and such
that

llg(x) = fx) =&l <p VxeaV, (3.7)

where p is the distance in F between 0 and f(dV).
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Then, the degree of (f,U,0) is given by
deg r(f,U,0) = deggr(g =&, V,0). (3.8)

Observe that the right-hand side of (3.8) is well defined since the triple (g — &, V,0)
is qF-admissible. Indeed, g — & is proper on V and thus (g — £)71(0) is a compact subset
of V which is actually contained in V by assumption (3). Moreover, as shown in [3],
Definition 3.9 is well posed since degqF (g —&,V,0) does not depend on g, £, and V.

Theorem 3.10 below collects the most important properties of the degree for quasi-
Fredholm maps (see [3] for the proof).

THEOREM 3.10. The following properties of the degree hold.
(1) Normalization. If the identity I of E is naturally oriented, then

degqF(I,E,O) =1 (3.9

(2) Additivity. Given a qF-admissible triple (f,U,0) and two disjoint open subsets Uy,
U, of U such that f~1(0) n U < U, U Uy, it holds that

degqF(f, U,0) = degqF (f,U1,0) +degqF (f,Us,0). (3.10)

(3) Excision. If (f,U,0) is qF-admissible and U, is an open subset of U containing
f7H0)N U, then

degyr(f,U,0) = degy; (f,U1,0). (3.11)
(4) Existence. If (f,U,0) is qF-admissible and
degqF(f, U,0) # 0, (3.12)

then the equation f(x) = 0 has a solution in U.
(5) Homotopy invariance. Let H : U X [0,1] — F be an oriented homotopy of quasi-
Fredholm maps. If H~'(0) is compact, then deg z(H;, U,0) does not depend on t € [0,1].

4. Measures of noncompactness

In this section, we recall the definition and properties of the Kuratowski measure of non-
compactness [11], together with some related concepts. For general reference, see, for
example, Deimling [6].

From now on the spaces E and F are assumed to be infinite-dimensional. As before Q)
is an open subset of E.

The Kuratowski measure of noncompactness a(A) of a bounded subset A of E is defined
as the infimum of the real numbers d > 0 such that A admits a finite covering by sets of
diameter less than d. If A is unbounded, we set ®(A) = +o00. We summarize the following
properties of the measure of noncompactness. Given A < E, by c0A we denote the closed
convex hull of A.
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PROPOSITION 4.1. Let A,B € E. Then
1) « 0 if and only if A is compact;
(2) ( ) [AMa(A) for any A € R;
(3) a(A+B) < a(A) +«a(B);
(4) if A € B, then a(A) < a(B);
(5) a(AUB) = max{a(A),a(B)};
(6) a(coA) = a(A).

Properties (1), (2), (3), (4), and (5) are straightforward consequences of the definition,
while the last one is due to Darbo [5].

Given a continuous map f : Q — F, let a(f) and w(f) be as in the introduction. It
is important to observe that a( f) = 0 if and only if f is completely continuous (i.e., the
restriction of f to any bounded subset of Q is a compact map) and w(f) >0 only if f
is proper on bounded closed sets. For a complete list of properties of «( f) and w( f), we
refer to [10]. We need the following one concerning linear operators.

ProposiTioN 4.2. Let L: E — F be a bounded linear operator. Then w(L) > 0 if and only if
ImL is closed and dimKer L < +oo.

As a consequence of Proposition 4.2, one gets that a bounded linear operator L: E — F
is Fredholm if and only if w(L) > 0 and w(L*) > 0, where L* is the adjoint of L.

Let f be as above and fix p € Q. We recall the definitions of «,(f) and w,(f) given
in [4]. Let B(p,r) denote the open ball in E centered at p with radius r. Suppose that
B(p,r) < Q and consider

a(flpr) = sup{a(af(ff))) :A € B(p,r), a(A) >0}. (4.1)

This is nondecreasing as a function of r. Hence, we can define

ap(f) = lima(flaz). (42)
Clearly a,(f) < a(f) for any p € Q. In an analogous way, we define

wp(f) = lri{%w(fw(p,r))» (4.3)
and we have w,(f) = w(f) for any p. It is easy to show that the main properties of & and

w hold, with minor changes, as well for «, and w), (see [4]).

ProrosritioN 4.3. Let f : Q) — F be continuous and p € Q. Then
(1) if f is locally compact, a,(f) = 0;
(2) if wp(f) >0, f is locally proper at p.

Clearly, for a bounded linear operator L : E — F, the numbers «,(L) and w,(L) do not
depend on the point p and coincide, respectively, with a(L) and w(L). Furthermore, for
the C! case, we get the following result.

ProPOSITION 4.4 [4]. Let f:Q — F be of class C'. Then, for any p € Q, it holds that
ap(f) =alf'(p)) and wy(f) = w(f'(p)).
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Observe that if f:Q — F is a Fredholm map, as a straightforward consequence of
Propositions 4.2 and 4.4, we obtain w,(f) >0 for any p € Q.
As an application of Proposition 4.4 one could deduce the following result.

PrROPOSITION 4.5 [4]. Let g: Q — F and ¢ : QO — R be of class C', with ¢(x) > 0. Consider
the product map f : Q — F defined by f(x) = ¢(x)g(x). Then, for any p € Q, it holds that
ap(f) = p(plap(g) and wy(f) = p(p)wy(g).

By means of Proposition 4.5, one can easily find examples of maps f such that a(f) =
oo and a,(f) < oo for any p, and examples of maps f with w(f) =0 and w,(f) >0 for
any p (see [4]). Moreover, in [4] there is an example of a map f such that a(f) >0 and
«y(f) = 0 for any p.

In the sequel we will deal with maps G defined on the product space E X R. In order
to define «(p,) (G), we consider the norm

|[(p,0)|| = max{llpll, I£l}. (4.4)
The natural projection of E X R onto the first factor will be denoted by 7.

Remark 4.6. With the above norm, 7; is nonexpansive. Therefore a(m; (X)) < a(X) for
any subset X of E X R. More precisely, since R is finite dimensional, if X € EX R is
bounded, we have a(m (X)) = a(X).

5. Definition of degree

This section is devoted to the construction of a concept of degree for a class of triples that
we will call a-admissible. We start with two definitions.

Definition 5.1. Let g : Q — F be an oriented map, k : QO — F a continuous map, and U an
open subset of Q. The triple (g, U, k) is said to be a-admissible if

(i) ap(k) < wy(g) for any p € U;

(ii) the solution set S = {x € U : g(x) = k(x)} is compact.

Definition 5.2. Let (g,U, k) be an a-admissible triple and V" = {V1,..., Vy} a finite cov-
ering of open balls of its solution set S. V" is an a-covering of S (relative to (g, U, k)) if for
any i € {1,...,N}, the following properties hold:
(i) the ball V; of double radius and same center as V; is contained in U;
(ii) a(kly,) < w(gly,).
Let (g, U, k) be an a-admissible triple and V" = {V},..., Vx} an a-covering of the solu-
tion set S. We define the following sequence {C,} of convex closed subsets of E:

N
C]=w<U{X€V,'Zg(X)Ek(\7i)}>, (5.1)

i=1
crmeof
i

and, inductively,

=

{xe Vi:g(x)ek(\N/iﬁCn_l)}), n=2. (5.2)

1l
—_
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Observe that, by induction, C,41 < C, and S < C,, for any n > 1. Then the set

C. = ﬂ C, (5.3)

nx1

turns out to be closed, convex, and containing S. Consequently, if S is nonempty, so is
Cw. To emphasize the fact that the set C. is uniquely determined by the covering V',
sometimes it will be denoted by CY. We prove two other crucial properties of C:

(1) ixeViiglx) e k(\N/'i NCex)} € Cw, foranyi=1,...,N;

(2) Co is compact.

To verify the first one, fix i € {1,...,N} and let x € V; be such that g(x) € k(\N/'; )
Cx ). In particular, it follows g(x) € k(\N/,') and, consequently, x € C;. Moreover, for any
n =1 we have g(x) € k(\N/l- N C,) and this implies x € C,4;. Hence, x € Cw, and the first
property holds.

To check the compactness of Co,, we prove that a(C,) — 0 as n — co. Let n > 2 be fixed.
By the properties of the measure of noncompactness (see Section 4) we have

N
a(Cy) = oc(U (xeVi:glx) ek(Vin Cnl)})

(5.4)
= 1mla)lsloc({x eViiglx) e k(Vin Cu-1)}).
Fixie {1,...,N}, and denote
Ani={xeVi:glx) e k(\N/i NCy1)}. (5.5)

Since A,; Vi, by definition we have a(A,)w(gly,) < a(g(An:)). Moreover, g(A,,;) <
k('\N/i N C,_1). Therefore, as w(glf,i) >0, we have

a(k(Vin Cu-1)). (5.6)

k% ~ ~
0‘( | )(X(Vl N Cnfl) = ‘bli{X(Viﬂ Cnfl) S‘M,’(X(Cnfl), (5.7)

where by assumption y; = a(kly,)/w(gly,) < 1. Finally,

a(Cy) = max a(A,;) < max ga(Cyo1) = pa(Cy-1), (5.8)

1<i<N 1<i<N

where p = max; y; < 1. Hence, a(C,) — 0, and this implies that the set Cs is compact, as
claimed.

Definition 5.3. Let (g,U, k) be an a-admissible triple, V" = {V},..., Vy} an a-covering of
the solution set S, and C a compact convex set. (V',C) is an a-pair (relative to (g, U,k)) if
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the following properties hold:
(HUNC+ Qs
(2) CL <G
(3) {xe Vi:g(x) ek(V;nC)} = Cforanyi=1,..,N.

Remark 5.4. Given any a-admissible triple (g, U, k), it is always possible to find an a-pair
(V,C). Indeed, fix an a-covering V" of the solution set S. If the corresponding compact
set C. is nonempty, then, clearly, the pair (', CY) verifies properties (1), (2), and (3). If
CY = @ (this can happen only if S = @), we may assume without loss of generality that

z

U\ Vi + @. (5.9)

1l
—

One can check that, given any p € U\ UY, V;, the pair (7, { p}) satisfies properties (1),
(2), and (3).

Let now (7, C) be an a-pair. Consider a retraction r : E — C, whose existence is en-
sured by Dugundji’s extension theorem [7]. Denote V = Ufil Vi, and let W be a (possibly
empty) open subset of V containing S such that, for any i,x € W 0 V; implies r(x) € V;.
For example, if p denotes the minimum of the radii of the balls V;, one may take as W the
set

{xeV:|x—rx)| <p}. (5.10)

Observe that property (3) above implies that the two equations g(x) = k(x) and g(x) =
k(r(x)) have the same solution set in W (notice that the composition kr is defined in
r~1(U)). The map kr is locally compact (even if not necessarily compact), hence the triple
(g — kr, W,0) is admissible for the degree for quasi-Fredholm maps. We define the degree
of (g, U, k) as follows:

deg(g, U, k) = degqp(g—kr, W,0), (5.11)

where the right-hand side is the degree defined in Section 3.
The following definition summarizes the above construction.

Definition 5.5. Let (g,U,k) be an a-admissible triple and (7',C) an a-pair. Consider a
retraction r : E — C. Let V' = {V1,..., Vx}, denote V = Uf\il Vi, and let W be an open
subset of V containing S such that, for any i,x € W N V; implies r(x) € V;. It holds that

deg(g,U,k) = degqF(g — kr,W,0). (5.12)

In order to show that this definition is well posed, we have to prove that it is indepen-
dent of the choice of the a-pair (1, C), of the retraction r, and of the open set W. This is
the purpose of the following proposition.
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ProrositioN 5.6. Let (V',C) and (V',C") be two a-pairs relative to an a-admissible triple
(g, U, k), where

V= (Vi Vb, ¥ = (VI Vi (5.13)

Consider two retractions r: E — C and ' : E — C'. Denote V = X, Vi, and let W be an
open subset of V' containing S such that, for any i,x € W N V; implies r(x) € V. Analo-
gously, denote V' = U?/il Vi, and let W' be an open subset of V' containing S such that, for
any j,x' € W' 0V implies r'(x") € XN/]' Then

degqF(g—kr, W,0) = degqF(g—kr',W',O). (5.14)

Proof. Consider a third covering V" = {V{’,..., V{} of the solution set S of open balls
such that for any / € {1,...,T}, there exist i and j such that V" = V; n Vj'. In particular,
""" is still an a-covering of S. Consider the compact convex set C1,". We distinguish two
different cases.

(i) CY" = @. In this case S = @ and, consequently, by the existence property of the
degree for quasi-Fredholm maps, we have

degqF(g—kr, W,0) =0, degqF(g—kr',W',O) =0. (5.15)

(ii) CL" # @. In this case, (V",CL") is an a-pair. To simplify the notations, denote
CZ = CY". Consider a retraction 7"’ : E — CZ. Denote V" = [, V;’, and let W"’ be an
open subset of V"' containing S such that, for any [, x € W'’ 0 'V, implies r'’ (x) € V,".
Clearly, to prove the assertion, it is sufficient to show that

deg (g —kr,W,0) = deg (g — kr"", W",0). (5.16)

Now, denote C, = CY, and let {C,,} and {C,/} be the sequences of sets defining C., and
C,, respectively. Since C;/ < C, for any n = 1, it follows C,, & C. In particular, C;, < C.
Moreover, without loss of generality, we can assume that the open set W'’ is contained in
W. Thus, by the excision property of the degree for quasi-Fredholm maps we have

deg (g —kr,W,0) = deg (g — kr, W",0). (5.17)
Consider the following homotopy:

H:W" x[0,1] — F,

5.18

H(x,t) = g(x) —k(tr(x)+ (1 - t)r"(x)). (5.18)
Let x € W”, let V] contain x for some /, and let V; contain V" for some i. Since x €
W’ < W, we have r(x) € V; and '/ (x) € \N/l”. Hence, as \N/l” c V,, it follows r'’ (x) € V;
and, consequently, H is well defined.



198 A degree theory for a class of perturbed Fredholm maps

Let now (x,t) € W' x [0,1] be a pair such that H(x,t) = 0. If x € V]’ for some ], and
V|" € V; for some i, then both r(x) and r”'(x) belong to VN C, since r"(x) € C.. and
C! < C. Thus, tr(x) + (1 — )" (x) € V:n C and, in particular, g(x) € k(V: n C). This
implies x € C and, consequently, (x) = x.

We want to show that, actually, x € C. Since r(x) = x, we have

tx+(1-t)r"(x)e V' nC (5.19)

and, in particular, g(x) € k(\N/l”). Consequently, x € C{'. As C., = C{’, we have r"(x) €
Cl,and tx+ (1 —t)r'"(x) € \N/,” N Cy’ since this is convex. Thus, g(x) € k(\N/l” N Cy), and
this implies x € C5'. Inductively, we get x € C;, for any n > 1. Hence, x € C,, and, conse-
quently, "’ (x) = x.

Finally, g(x) = k(x), that is, x € S. Therefore, the solution set

{6, 6) € W x [0,1] : H(x,£) = 0} (5.20)

coincides with S x [0, 1]. Hence, we can apply the homotopy invariance of the degree for
quasi-Fredholm maps to get

deg, (g —kr,W",0) = deg x(g — k1", W",0), (5.21)
and the assertion follows taking into account formula (5.17). O

6. Properties of the degree

THEOREM 6.1. The following properties of the degree hold.
(1) Normalization. Let the identity I of E be naturally oriented. Then

deg(I,E,0) = 1. (6.1)

(2) Additivity. Given an a-admissible triple (g, U, k) and two disjoint open subsets U', U?
of U, assume that S = {x € U : g(x) = k(x)} is contained in U' U U?. Then

deg(g, U,k) = deg (g, U', k) +deg (g, U% k). (6.2)

(3) Homotopy invariance. Let H : U X [0,1] — F be a homotopy of the form H(x,t) =
G(x,t) — K(x,t), where G is of class C', any G; = G(+,t) is Fredholm of index zero, K is con-
tinuous, and a(p 1) (K) < w(p,1)(G) for any pair (p,t) € U X [0, 1]. Assume that G is oriented
and that H=1(0) is compact. Then deg(G;, U,K;) is well defined and does not depend on
te[0,1].

Proof. (1) Normalization. It follows easily from the normalization property of the degree
for quasi-Fredholm maps.

(2) Additivity. Let S' = SN U' and $? = SN U?, so that S = S' U $2. The fact that the
triples (g, U',k) and (g, U% k) are a-admissible is clear from the definition.
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Let V' = {V{,...,V}} and V2 = {V3,...,V}} be two a-coverings of S' (relative to
(g, U k)) and of S? (relative to (g, U?,k)), respectively. For simplicity, denote Cl, = cr
and C% = CY’. Then, consider the family

V={VhL.. VL, VE. Vi (6.3)

Note that ' is an a-covering of S. Consider the compact convex set Co, = CY. By defini-
tion, C contains both Cl, and C2; moreover, it has the following properties:

(xeV!'igx)ek(VInCs)} SCu, i=1,...,N; o)
N 6.4
{xeV}:g(x) ek(VINCo)} €Coy j=1,...,M.

We distinguish two different cases.
(i) If Co = @, then S= @, hence S! = @ and § = @. Consequently, applying Definition
5.5, by the existence property of the degree for quasi-Fredholm maps it follows

deg(g,U,k) =0, deg(g,U'k) =0, deg(g,U%k) =0. (6.5)

(i) If C # @, consider a retraction r : E — C.,. Denote V! = N, v}, v2 = U;Vil ij,
and V = V! U V2. Let W be an open subset of V containing S such that, for any i,x €
W N V! implies (x) € V}! and, for any j,x' € Wn Vf implies r(x") € ij. By definition
we have

deg(g,U,k) = degqF(g — kr,W,0). (6.6)

Since W is an open neighborhood of S in V, and V is the disjoint union of V! and V?,
we can assume W = W! U W2, where W! € V! and W? < V2. The open sets W' and W?
are disjoint. In addition, W' contains S', and W2 contains S?. Therefore, by the additivity
property of the degree for quasi-Fredholm maps, we have

deg (g —kr,W,0) = deg ; (¢ —kr, W',0) +deg, (¢ — kr, W?,0). (6.7)
Now, observe that (¥}, Cy) is an a-pair relative to (g, UM k), for A = 1,2. Consequently,
deg (g’ U/"k) = degqF (g_kr) WA)O)) A = 1)2) (68)
and the assertion follows.
(3) Homotopy invariance. For t € [0,1], let £ denote the compact set {x € U : G;(x) =
Ki(x)}. Given any t, the fact that the triple (G, U, K}) is a-admissible follows easily from

the compactness of X and observing that a,(K;) < a(p,1)(K) and w,(Gy) = w1 (G) for
all p € U. Consequently, it is sufficient to show that the integer-valued function

t — deg (G, U,Ky) (6.9)
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is locally constant. To this purpose, fix 7 € [0,1] and, given § > 0, let I5 denote the interval
[ 6,7+ 8] n[0,1]. It is possible to find § > 0 and a finite family of open balls V" =
{V1,..., Vn} with the following properties:
1) V= U?il V; contains X! for any t € Is;

(ii) the ball V; of double radius and same center as V; is contained in U;

(iil) a(Kl§,yp,) < @(Glyy, ), foranyi=1,...,N.
In particular it follows that, for any t € I,V is an a-covering of 2. As in the construction
of the sequence {C,} in Section 5, for any fixed t € I we define the following sequence

of sets:
Cl = c_(
i

=

{xeVi:Gix )eKt(\N/i)}>, (6.10)

Il
—_

and, inductively,

—co(U{xE V,':Gt(x)eKt(V,-ﬁCZI)}>, n>2. (6.11)

Then we set Ct, = (,»1 C,. We observe that C’, is compact and convex, moreover it has
the following property:

xeVi:Gx)eK(VinCL)}cCl, i=1,..,N. (6.12)

Now, we define the following sequence {én} of convex closed subsets of E independent
of t:

N
61 = E(Tl’l (U {(X,t) eVixls: G(X,t) S K(‘Nf, XI@)})), (613)

i=1
and, inductively,
N

én:E(ﬂl(U{(x,t)EViXI(S:G(X,t)EK((\N/,'ﬂCn1)XI§)})>, n>2. (6.14)

i=1
Observe that, by induction, én+1 c én for any n = 1. Then the set

=N¢E. (6.15)

n=1

is closed and convex. We claim that the following properties of Co, hold:
(1) Cw is compact;
(2) Cw contains C!, forany t € Is;
(3) {xe Vi:Gi(x) € K(Vin éw)} c C, for anyi=1,...,Nandt € I;.
We prove that C., is compact. For simplicity, forany n > 2 and i € {1,...,N} we denote

Ani={(x,1) € VixIs: Gx,t) e K(Vin Coy) X Is)}, (6.16)
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Z

and we set A, = U;

~

A Let n > 2 be fixed. Since A, < C, X I5, by Remark 4.6 we have
a(A,) <a(C, xIs) =a

(CAI ). On the other hand,

~

a(Cy) = a(co(m (A,))) = a(m (A,)) < a(Ay); (6.17)

the last inequality is due to the fact that 7, is nonexpansive. Consequently, we have

a(C,) = a(A,) = (UAn,) = max a(A,;). (6.18)

i1 1<i<N
Now, fixi € {1,...,N}. Since An,i c \N/,- X Is, by definition we have
a(Ani)0(Gly, ) < a(G(Ayy). (6.19)

A~

Moreover, G(A ,,,) c K(( N C,_1) X Is). Therefore,

A~ 1 ~ 1 ~ A
a(Ay) < ——=——a(G(A,;)) £ ——=——a(K((VinCy_1) X I5)). (6.20)
( ) ‘U(G|\7,x15) ( ( )) w(G|\~/i><Ié) ( (( 1) ))
On the other hand, by definition we have
a(K((Vin Coot) X I5)) < a(Klgrp)a((Vin Cot) X ), (6.21)
and, by Remark 4.6, oc(( ) x1s) = oc(V NC,_ 1). Hence
~ a(K |+ ~ A ~ A A
a(An) < M(x(% NCu1) =va(VinCoy) <wia(Cooy), (6.22)

w(G|\7g><I(s)

where by assumption v; = a(K|y,,.;,)/w(Gly, ) < 1. Finally,

a(C,) = max a(A,;) < max va(Cp_y) < va(Co_y), (6.23)
1<i<N 1<i<N
where v = max;v; < 1. Thus, a(én) — 0 as n — oo, and this implies that the set Co is
compact, as claimed.

For any fixed t € I, the inclusion C’, < C., follows immediately from the fact that
CtcC,foranyn=> 1.

To verify the third property, fix i € {1,...,N} and t € I, and let x € V; be such that
Gi(x) € Kt(\N/',' N (Afoo). In particular, we have Gi(x) € K[(\N/',-), and this implies x € C.
Moreover, for any n > 2 we have G,(x) € Kt(\N/,- N én,l). It follows (x,t) € ffn,i, and, con-
sequently, x € m1(A,;). Therefore, x € C, for any n > 2. Hence, x € Cx, and property (3)
holds.

Since 7 € [0,1] is arbitrary, the assertion follows if we show that deg(G, U,K;) is in-
dependent of t € I5. We distinguish two different cases.

(i) Coo = @. In this case C, = @ for any t € I5, hence X' = @ for any t. Consequently,
applying Definition 5.5, by the existence property of the degree for quasi-Fredholm maps
we have deg(G;, U,K;) = 0 for any ¢ € I;.
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(ii) Cw # @. In this case, as properties (1), (2), and (3) of Cs hold, for any fixed t € Is
the pair (7, (Al,o) is an a-pair relative to the triple (G, U, K;). Consider a retraction r : E —
Cw. Let W be an open subset of V containing V N C., such that, for any i,x € W 0 V;
implies r(x) € V;. In particular, for any fixed t € Is the open set W contains 2. Thus, by
definition we have

deg (G, U,K;) = degqF (Gi — Kir, W,0), tel,. (6.24)
Consider the following homotopy:

H:WxI; —F,

N (6.25)
H(x,t) = G(x,t) — K(r(x),t).

This is a homotopy of quasi-Fredholm maps, since it is continuous and the map (x,t) —
K(r(x),t) is locally compact. Moreover, H71(0) is compact, as it is closed in the compact
set H71(0). Then, the homotopy invariance property of the degree for quasi-Fredholm
maps implies that deg ;(G; — Kir, W,0) does not depend on ¢. Hence, deg(G;, U,Ky) is
independent of ¢ € Is, and the proof is completed. O

7. Comparison with other degree theories

The purpose of this section is to show that our concept of degree extends the degree for
quasi-Fredholm maps summarized in Section 3, and that it agrees with the Nussbaum
degree [13] for the class of locally a-contractive vector fields.

7.1. Degree for quasi-Fredholm maps. Let f : QO — F be an oriented quasi-Fredholm
map and U an open subset of Q. We recall that the triple (f,U,0) is qF-admissible pro-
vided that f~1(0) N U is compact.

Let (f,U,0) be a qF-admissible triple and let f = g — k, where g is a positively ori-
ented smoothing map of f and k is locally compact. As pointed out in Section 4, we have
wy(g) >0 and a,(k) = 0 for any p € U. Hence, the triple (g,U,k) is a-admissible. We
claim that

deg(g, U, k) = degqF(f, U,0). (7.1)

Indeed, let V' = {V},..., Vy} be an a-covering of S = {x € U: g(x) = k(x)} relative to
the triple (g, U, k), and consider the compact convex set Co, = CY. We distinguish two
different cases.

(1) If Co = @, then S = . Consequently, by the existence property of the degree for
quasi-Fredholm maps and by Definition 5.5, we have

degqF(f, U,0) =0, deg(g,U,k) = 0. (7.2)
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(i) If C # @, consider a retraction 7 : E — C. Denote V = Uf\il V;, and let W be a
(possibly empty) open subset of V containing S such that, for any i,x € W n V; implies
r(x) € V.. By definition we have

deg(g,U,k) = degqF(g — kr, W,0). (7.3)

On the other hand, as S © W, by the excision property of the degree for quasi-Fredholm
maps we have

degqF(f, U,0) = degqF(f, W,0). (7.4)
Consider the following homotopy:

H:W x[0,1] — F,

7.5
H(x,t) = g(x) — k(tr(x)+ (1 —t)x). 75)
Let x € W, and let V; contain x for some i. Since r(x) € V; and x € V,, it follows tr(x) +
(1—-t)x € V;for any t € [0,1], and this shows that H is well defined.
As in the proof of Proposition 5.6 one gets

HY0)n (W x[0,1]) = Sx [0,1]. (7.6)

Hence, we can apply the homotopy invariance of the degree for quasi-Fredholm maps,
obtaining

deg (g —kr, W,0) = deg (g — k, W,0), (7.7)
and the claim follows.

7.2. Degree for locally a-contractive vector fields. Let f : QO — F be a continuous map
from an open subset of E into F. We recall the following definitions. The map f is said to
be a-Lipschitz if a( f(A)) < pa(A) for some y > 0 and any A < Q. If the a-Lipschitz con-
stant g is less than 1, then f is called a-contractive. The map f is said to be a-condensing
if a(f(A)) < a(A) for any A € Q such that 0 < a(A) < +co. If for any p € Q) there exists a
neighborhood V), of p such that f|y, is a-contractive (resp., a-condensing), the map f
is said to be locally a-contractive (resp., locally a-condensing).

In [12, 13], Nussbaum developed a degree theory for triples of the form (I — &, U,0),
where k is locally a-condensing. In particular, let U be an open subset of Q and k: Q) — E
a locally a-condensing map. Assume that the set S= {x € U: (I — k)(x) = 0} is com-
pact. Then, the triple (I — k,U,0) is admissible for the Nussbaum degree (N-admissible,
for short). We will denote by deg, (I — k,U,0) the Nussbaum degree of an N-admissible
triple.

We want to show that, in a sense to be specified, our degree and the Nussbaum degree
coincide on the class of N-admissible triples of the form (I — k, U,0), where k is locally
a-contractive.
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Let (I — k,U,0) be an N-admissible triple and assume that the map k is locally a-
contractive. Clearly, provided that I is oriented, the triple (I,U,k) is a-admissible. We
claim that, if we assign the natural orientation to I, it follows that

deg(I,U,k) = degy (I - k,U,0). (7.8)
Indeed, let V" = {V1,..., Viy} be an a-covering of S relative to the triple (I, U, k), and con-
sider the (p0351bly empty) compact convex set Co, = CL.

Denote V = N, V. As S is contained in V, by the excision property of the Nussbaum
degree we have

degy (I — k,U,0) = degy (I - k, V,0). (7.9)

Consider the following sequence {(an} of convex closed subsets of E:

C, =co(k(V)), (7.10)
and, inductively,
Co=w0(k(VACui)), n=z=2. (7.11)
Then the set
Co=[Cs (7.12)
n=1

turns out to be closed, convex, and containing S. Moreover, the fact that k is locally a-
contractive implies that C., is compact. We observe that the following properties of Ce,
hold:

(1) C. contains Coo;

2){xeVi:xe k(\N/,- ) 500)} c C., for anyi=1,...,N.
The inclusion C., € Cs follows immediately from the fact that C, < C, for any n > 1,
where {C,} is the sequence of sets which defines C., as in Section 5. On the other hand,
property (2) follows from the trivial inclusion

[xeViixek(V;inCy)} ck(VnC,), (7.13)
which holds forany n > 1 and i € {1,...,N}.
To prove the assertion, we distinguish two different cases.

(1) Cs = @. In this case, Coo = @ by (1), and S = &. Consequently, by the existence
property of the Nussbaum degree and by Definition 5.5, we have

degy (I -k,U,0) =0, deg(I,U,k) = 0. (7.14)
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(i) Co # @. In this case, as properties (1) and (2) of Ce hold, (V,Cx) is an a-pair
relative to the triple (I, U, k). Consider a retraction r: E — Cw. Denote V = Ufil V;, and
let W be a (possibly empty) open subset of V containing S such that, forany i,x € W N V;
implies 7(x) € V;. By definition we have

deg(I,U,k) = degqF(I —kr,W,0). (7.15)
On the other hand (see [12, 13]), we have
degy (I -k, V,0) = deg,s (I — kr,r (V) n V/,0). (7.16)

Finally, let W' = W nr=1(V) N V. As S is contained in W', by the excision property of
the Leray-Schauder degree we have

deg; s (I —kr,r (V) n V,0) = deg, (I — kr, W',0), (7.17)
and by the excision property of the degree for quasi-Fredholm maps we have
degqF(I —kr,W,0) = degqF(I —kr,W',0). (7.18)

The claim now follows from the fact that the degree for quasi-Fredholm maps is an ex-
tension of the Leray-Schauder degree (see [3]).
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